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In the theory of representations of finite groups the projective represen- 
tations arise naturally when one studies the relations between the represen- 
tations of the group and representations of certain subgroups. The role 
played by the group rings in representation theory is taken by the twisted 
groups rings when one considers projective representations. For represen- 
tations over algebraically closed fields the theory of Schur multipliers 
provides a very satisfactory tool that may be used to lift projective 
representations of a finite group to usual representations of a finite central 
extension of that group. Furthermore there exists a satisfactory theory of 
projective characters, block-theory for projective representations, etc. . . . . for 
which we may refer to Karpilovsky’s recent book, [3]. Since for finite 
groups, the twisted group rings defined over commutative rings are 
Azumaya algebras (when a mild condition holds), it is natural to ask for an 
equivalent of the Brauer splitting theorem for group rings. 
In this paper we derive this splitting theorem for twisted group rings 
over commutative rings without nontrivial idempotents. This is obtained 
by introducing a suitable extension of the Schur multiplier theorem in such 
a way that this result may be applied to a single representation and over 
arbitrary fields or rings of the forementioned type. Along the way we get 
involved in some cocycle manipulations that will lead to the determination 
of the center of a twisted group ring in terms of ray-classes. The results 
derived in this paper should be of some use in the study of properties and 
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classifications of modules over a twisted group ring, in particular indecom- 
posable finitely generated projective modules, induced modules, etc. . . . . 
which will be the topic of some forthcoming work. 
1. PRELIMINARIES 
If A is a finite dimensional separable algebra over a field K then an 
extension field L of K is said to be splitting field for A over K if 
L OK A z M,,(L) @ . . @ M,,(L) as L-algebras. A separable algebra over a 
field K has a splitting field which is a finite Galois extension of K (cf. [6, 
p. 1571). Let G be a finite group and K a field; then the group ring KG is a 
separable K-algebra if and only if char K and IGI are relatively prime. 
1.1. BRAUER'S SPLITTING THEOREM. Ler G be a finite group of exponent 
m and let K be a field. If char K does not divide m then K(c), where 5 is a 
primitive mth root of unity, is a splitting field for KG over K. 
In the sequel we will consider a commutative ring R such that 0 and 1 
are the only idempotent elements. If A is a separable R-algebra, projective 
as an R-module, then a commutative extension S of R is said to be a 
splitting for A over R if SO, AzEnds(P,)@ ... @End,(P,) as 
S-algebras, where each Pi, i= 1, . . . . t, is a finitely generated projective 
faithful S-module. The theory of splitting rings becomes more complicated 
over rings, e.g., even for nice Dedekind domains there may exist central 
separable R-algebras that do not allow a splitting ring which is separable 
and projective over R. For example, let R = Z [$I and consider 
A = R @ Ro! 0 R/l 0 Rap, where cc = (1 + i)($/2), /? = (1 + j)(&/2), and i, 
j determine the quaternion algebra (;{s$); cf. [4]. 
Let f E R[X] be a manic separable polynomial i.e., R[X]/(f) is a 
separable R-algebra. There exists a separable commutative extension T of 
R which is finitely generated and projective as an R-module and such that 
0 and 1 are the only idempotent elements, with the property that f decom- 
poses as a product of distinct linear factors in T[X]. Moreover T may 
be embedded in a finite normal separable extension N of R which has 
only trivial idempotent elements. Let a be some root of f in T and 
let a = a,, . . . . a, be the distinct images of u under the action of the 
Galois group of N/R. Putting g= n;=, (X-ai)~ R[X], one obtains 
R[a] z R[X]/( g). So R[a] is a separable R-algebra containing only trivial 
idempotent elements which is moreover a free R-module of finite rank. 
More details on separable polynomials may be found in [ 1 ] or [2]. 
Now, for a finite group G, the separability of RG over R is equivalent to 
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IGI -’ E R. If m is invertible in R, then X”’ - 1 is a separable polynomial; so 
we may construct the R-algebra R[<], where < is a primitive mth root of 
unity. It is easily seen that R[l] is a finite Galois extension of R. In [7], 
Szeto established the following generalization of Brauer’s splitting 
theorem 1.1: 
1.2. THEOREM. Let R be a commutative ring containing only trivial idem- 
potents and let G be a finite group of exponent m. If IGI is invertible in R 
then R[l], where 5 is a primitive mth root of unity, is a splitting ring for the 
group ring RG over R. 
This theorem may be proved by looking at the group ring of G over the 
“prime”ring of R and then reducing the problem to the field case. Note that 
SG z End,(P,) @ . . . @ End,(P,) (with notations and assumptions as 
before) entails that t equals the number of conjugation classes in G. The 
method of proof cannot be used in the case of twisted group rings because 
the cocycle describing tis ring is not necessarily (in fact almost never) 
defined over the prime ring of R. 
2. COCYCLES, TWISTED GROUP RINGS AND THEIR CENTERS 
We included some of the technical cocycle calculations because these are 
carried out here in extended generality when compared to the properties 
that may be found in the literature; cf. [3, 51. The determination of the 
center of a twisted group ring over a ring R that is not necessarily a 
domain is not completely obvious, even if we arrive at the expected 
expression in terms of ray-class sums when R contains only trivial idem- 
potent elements. 
Let G be any group and R a commutative ring. The group of units of R 
will be denoted by U(R). We assume that G acts trivially on R, so a 
2-cocyle CI E Z’(G, U(R)) is given by a map a: G x G -+ U(R) satisfying: 
a(x, y) a(xy, z) = a(x, yz) a( y, z) for all x, y, z E G. One can check that for 
any XE G, a(x, e) = a(e, e) = a(e, x) and a(x, x-l) = CI(X-‘, x), e being the 
neutral element of G. Moreover, if [a] E H2(G, U(R)) then there exists a 
p E [a] such that /?(e, e) = 1. The twisted group ring R *m G is a free 
R-module with basis (u,, x E G} and multiplication defined by: 
(au,). (bu,) = aba(x, y) u,.., for all a, b E R, x, y E G. 
An SE G is said to be cc-regular if CI(S, x) = a(x, s) for all XE C(s), 
C(s) = (x E G, xs = sx}. Clearly, an u-regular element will be B-regular for 
every /I E [a]. Furthermore, it is easily verified that s E G is a-regular if and 
onlyifu,u,=u,u,inR*,GforallxEC(s). 
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2.1. PROPOSITION. Consider a E Z2(G, U(R)) and let SE G be a-regular, 
then : 
1. ysy - ’ is a-regular for all y E G 
2. s-I is an a-regular element. 
Proof: 1. (See also [3]). Let XE C(ysy-‘) then y-‘xyE C(s) and since 
s is a-regular, we have u,u~~I,~= +I,~u, in R *r G. This yields 
u,uy-IU,Uy = uy-1 z4xuyu,, whence uYusuy-~u, = u,u~u,u~~I. t follows that 
U ysy-‘4 = uxu ysY-l and thus ysy-’ is a a-regular. 
2. If XE C(s-‘), then XE C(s) and thus U,U, = U,U, holds in R *I G. 
This entails u,u,-I = u,-IU, because a(s-I, s)=a(s, s-l), and thus sP1 is 
a-regular. 1 
A class of conjugated elements of G consisting of a-regular elements is 
said to be an a-ray-class. As pointed out before an a-ray-class will be a 
/?-ray-class for every b E [E]. To an arbitrary a E Z2(G, U(R)) we associate 
a map, 
Clearly, s is a-regular if and only if f,(x, s) = 1 for all x in C(s). If IGI = n 
then [a]]“= 1 in H2(G, U(R)), h ence an(x, s) = p(x) p(s) p(xs)-l for some 
map p: G + U(R). It follows that f;(x, s) = p(s) ~(xsx~‘))’ for all x, s E G. 
Consequently, when x in C(s) then f;(x, s) = 1 without a condition on s. 
Again let G be an arbitrary group; then in R *a G we have for all x, s E G: 
u,u,(u,K)pl =a-‘(e, e) a-‘(x-l, x) u,u,u.,~I 
= a(x, s) a(xs, xp’) aU’(e, e) a-‘(x-l, x) u,,,~I 
= a(x, s) a ~ ‘(xsx-‘, x) u,,,~I 
=.fr(x, $1 Ux-‘. 
2.2. LEMMA. Let a E Z*(G, U(R)) and let s E G be a-regular. Then for 
any x, LEG, xsx-‘= ysy-’ entailsfJx,~)=f~(y,s). 
Proof: xsx - ’ = ysy ~ ’ yields y-‘x~C(s), and thus u~u~~~I~~=u .,,- lXu, 
in R *% G. This gives U,Z+IU, = uY-luXu,, whence u,u,u,-I = a( y, y-‘) 
a(e, e) u,u,(u,)-’ and thus u~u,(u~))~ =u,u,(u,)-‘. Consequently, 
f,( y, s) uy,-l =fJx, s) u,,,-I and since ysy-’ =xsx-‘, fx(Y, s) =f& s) 
follows, 1 
For a given s E G and a E Z’(G, U(R)) we view f,(-, s): G + U(R) as a 
map associated to s and a, denoted by s,. Observe that C(s) c Ker s, if and 
only if s is a-regular. Whereas regularity of s does not depend on a chosen 
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/I E [a], Ker sp may be different from Ker s, even if both contain C(s); in 
fact we even have: 
2.3. PROPOSITION. Zj” CXEZ*(G, U(R)) then there exists a YE [a] such 
that y(e, e) = 1 and fY(x, s) = 1 for all y-regular s and all x in G, i.e., 
Ker sy = G for all y-regular s. 
Proof First replace a by a DE [cl] such that fl(e, e) == 1. 
In every /?-ray-class we choose an element tj and we define 11: G + U(R) 
as follows: p(t) = 1 if t is not P-regular, p(t) =ffi( y, ti) if t is P-regular and 
t = yti y ~ ’ in G. It is clear that p is well defined because yti y ~ ’ = zt,z -’ in 
G leads to f,(y, ti) = fp(z, ti), and it is also obvious that p(e) = 1. Put 
y( g, h) = ,9( g, h) p(g) u(h) p( gh))‘, for all g, h E G. Clearly y(e, e) = 1. We 
now consider a y-regular element s in G. Since s is also /?-regular, we have 
s = yti y -I for some tj and some y E G. For any x E G, we calculate 
f?(X, s)=y(x, s)y.-‘(xsx-‘, x) 
=p(s)p(xsx-i)-‘p(x,s)fl-l(xsx--l,x) 
= fp( YY t,)f,dxJs t;) Ifp(x, s). 
Further, in R *p G we have 
So we obtain that fs(xy, t,) = fp( y, t,) f&x, s), whence f;.(x, s) = 1. 
Let G be a finite group, then a ray-class sum in R *1 G is a finite sum 
c ge c, nR, where Ci is an cl-ray-class. 
2.4. THEOREM. Let R be a commutative ring containing only trivial idem- 
potent elements and let G be a finite group such that ICI -’ E R. If 
a E Z2(G, U(R)) has the property that fJx, s) = 1 for all a-regular s and all x 
in G, then the a-ray-class sums form an R-basis for the center Z(R *% G) of 
R *a G. 
Proof Let C1, . . . . Ck be the distinct a-ray-classes in G and put 
vi=&c,ug, i= 1, . . . . k. For any x E G we have 
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Therefore U,E Z(R ** G). Also it is easily verified that {vi, . . . . uk} are 
linearly independent over R. On the other hand, let w in Z(R *rx G), say 
w=&~T~u~ with ~,ER. For any XEG, u,w(u,))l=w leads to 
If rt, # 0 then we will establish that h is an a-regular element in G. For all 
x E C(h) we get rhfa(x, h) = rh, by comparing the coefficients of u,, on both 
sides of (*). Moreover, the remark preceding Lemma 2.2 entails that 
fJx, h)“= 1, where XE C(h) and n = IG(. Fix XE C(h) for now, and 
write a =fJx, h); then u’ = 1 and rhu = rh. One can check that 
(1 +a+ ... +a”-‘)*=n(l +a+ ... +a”-‘). Consequently, s=n.‘(l+ 
a+ . . . + a”-‘) is an idempotent element of R so is either 0 or 1. If E = 0 
then O=rh&=n-‘rh(l +a+ ... +unpl)=n-‘nr,=r,, but that is a 
contradiction. Therefore E = 1. But n = 1 + a + . . . + u” - ’ yields n - nu = 
1 - un = 0, hence 1 --a = 0. Thus, if uh has a nonzero coefficient rh in the 
decomposition of w, then f,(x, h) = 1 for all x E C(h), i.e., h is a-regular in 
G. Moreover, by the assumption on a, we have that fJx, h) = 1 for all 
XE G. From (*) it then follows that, for any XE G, #,hX-l appears in the 
decomposition of w with coefficient rh. So we obtain that w is an R-linear 
combination of ray-class sums, which completes the proof. 1 
2.5. COROLLARY. Let R be a commutative ring containing only trivial 
idempotent elements and let G be a finite group such that IGI -I E R. If a 
commutative xtension S of R, again without non-trivial idempotents, is a 
splitting ring for R *or G over R, then the number of factors in the decom- 
position of S *= G equals the number of a-ray-classes in G. 
Proof: Since S*, GgEnd,(P,)@ ... @End,(P,), where P,, . . . . P, are 
finitely generated projective faithful S-modules, we know that Z(S *a G) % 
S@ .. . 0 SE S(‘). Then the statement follows from the previous theorem, 
applied to S ez G, and the IBN-property for commutative rings. l 
2.6. Remarks. 1. The analogue for Theorem 2.4 in [S] has been 
established for normalized c1 and R an algebraically closed field; in [3] one 
allows an arbitrary field by utilizing the Berman-Reynolds permutation 
lemma which cannot be generalized to rings in a suitable way (as far as we 
could see). 
2. The assumption on the idempotent elements in Theorem 2.4 is essen- 
tial, as the following example shows: put G = V, % Z/22 x Z/22, R = IT4 @ [w 
and let ~1: G x G + U(R) be given as a(x, y) = (a,(~, y), az(x, y)), where 
a,: G x G + U(Iw) is trivial, i.e., aI(x, y) = 1, and az: G x G + U([w) chosen 
such that Iw *12 G is the generalized quaternion algebra (-A ‘) g M,(R). 
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One calculates that fJx, y) = (1, - 1) unless x = y or x = e or y = e. Thus e 
is the only a-regular element of G but Z(R *a G) z [w @ IWG. 
3. If G is an arbitrary group and R is a domain, then any easy 
modification of the proof of Theorem 2.4 yields that the center of R *X G is 
freely generated by the ray-class sums of a-ray-classes containing only 
finitely many elements. 
3. THE BRAUER SPLITTING THEOREM FOR TWISTED GROUP RINGS 
Throughout this section R is a commutative ring containing no other 
idempotents than 0 and 1. We let G be a finite group of order n and we 
assume that n is invertible in R. 
3.1. LEMMA. For a given cocycle a in Z*(G, U(R)) we may construct a 
finite central extension E of G together with a separable commutative exten- 
sion E of G together with a separable commutative extension T of R which is 
a free R-module of finite rank and which contains only trivial idempotent 
elements, such that there is a surjective T-algebra morphism II/: TE + T *I G. 
Moreover, the exponent of E divides n*. 
Proof The statements only depend on [a] E H2(G, U(R)), so we may 
assume that a(e, e)= 1. Since [a]” = 1 there is a map p: G + U(R) such 
that CL”(X, y) =p(x) p( y) I)’ for all x, YE G. Since n and p(x) are 
invertible in R, we have for all Y E G that X’ - p(x) E R[X] is a separable 
polynomial. Thus there is a separable commutative extension L of R 
containing only trivial idempotent elements which is finitely generated and 
projective as an R-module, and such that for all x E G, X’ - p(x) decom- 
poses as a product of linear factors in L[X]. For x E G we let p(x)“” be 
one fixed root of x” --p(x) and we put p(e)“” = 1. Let T be the R-sub- 
algebra of L generated by the p(x)““, x E G. It is known (cf. [ 11) that T is 
a separable extension of R which is a free R-module of finite rank. Deline 
/I: G x G + U(T) by putting fi(x, y) = a(x, y) = a(x))‘lnp( y)““p(xy)““. 
Clearly /I E [M] in Z2(G, U(T)) and /?“(x, y) = 1 for all x, y E G, while 
P(e, e) = 1. Let H be the subgroup of U(T) generated by fl(x, y) for all x, y 
in G. Since /I” = 1 we obtain that H is a finitely generated abelian torsion 
group, hence H is finite. Obviously the exponent of H divides n. Put 
E = H x G as a set and define a group structure on E (as a central exten- 
sion of G by H) as follows: 
(k g)(h’, g’) = (hh’B(g, 61, a’) for all h, h’ E H, g, g’ E G. 
Let u(~,~), (h, g) E E, be a T-basis for the group TE and let v,, g E G, be a 
T-basis for the twisted group ring T*, G. Define a T-linear map 
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$: TE-t T*, G by $(q/,,gj ) = hu,, h E H, g E G. It if easily verified that $ is 
a surjective T-algebra morphism and it is obvious that T *B G z T *a G. 
If we define i: H + E, h + (h, e) and p: E + G, (h, g) --f g, then 
1 + H --ti E + P G -+ 1 is exact and for all (h, g) E E we obtain that 
(h, dexpG E Ker p z H, hence exp(E) divides exp(G) exp(H). Since 
exp(H) 1 n we obtain exp(E) 1 n*. 1 
3.2. Remark. The ring L may be embedded in a finite normal separable 
extension N of R containing only trivial idempotent elements. It follows 
that the R-subalgebra T’ of L generated by all the roots of the polynomials 
x” - p(x), XE G, is a normal separable extension of R which is a free 
R-module of finite rank. Moreover, Ic/ may be extended to a surjective 
T-algebra morphism T ‘E + T’ *a G, i.e., in the lemma we may even assume 
that T is normal. For some detail on Galois theory of rings; cf. [ 11. 
3.3. THEOREM. For a given cocycle a in Z*(G, U(R)) we may construct a 
separable commutative xtension S of R which is a free R-module of finite 
rank and which contains only trivial idempotent elements, and such that S is 
a splitting ring for the twisted group ring R *or G over R. 
Proof: First note that n--I E R implies that R *% G is separable over R. 
Let E and T be as in the lemma and consider the surjective T-algebra 
morphism e: TE + T *a G. The exponent of E is a divisor of n2, hence it is 
invertible in R; consequently 1 El - ’ in R because exp(E) and 1 El have the 
same prime factors. 
Put m = exp(E), then in view of Theorem 1.2, S = T[<] is a splitting ring 
for TE over T, where r is a primitive mth root of unity. Observe that S is a 
separable commutative extension of R containing only trivial idempotent 
elements which is also a free R-module of finite rank. We may extend $ to 
a surjective S-algebra morphism II/: SE + S sZ G in the obvious way. Since 
S is a splitting ring for TE we have that SE z End,(P,) 0 . . . @ End,(P,) 
as S-algebras, where the Pi, i = 1, . . . . t, are finitely generated projective 
faithful S-modules. 
Ifl=e,+ . . . + e, is the decomposition of 1 as a sum of primitive central 
orthogonal idempotents of SE, then 1 = +(e,)+ ... +$(et) is a decom- 
position of 1 as a sum of central orthogonal idempotents in S *a G. Write 
A = SE. If $(ei) # 0 then $(A) $(ei) is a nonzero finitely generated projec- 
tive S-module. Since S has only trivial idempotent elements, $(A) $(eJ is a 
faithful S-module; cf. [I]. Consequently, II/ 1 S,: S, -+ S$(ei) is injective. 
Now Se, is the center of Ae, and Ae, is a separable Se,-algebra, there- 
fore Aei z t//(Aei) as S-algebras. Hence, if @(ei) #O then we have 
cl/(A) $(ei) g End,(P,) as S-algebras. Thus entails that S is a splitting ring 
for R *a G over R. 1 
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3.4. Remarks. 1. In view of Remark 3.2 we may assume in the fore- 
going theorem that S is normal as well. 
2. The reader may verify how Lemma 3.1 generalizes the Schur mul- 
tiplier theorem; in fact the lemma may be used to lift a finite number of 
cocycles simultaneously. 
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